In this paper, we establish some boundedness conditions for the multidimensional Hausdorff operator on the homogeneous Hardy-Morrey and on the Besov-Morrey space, and we extend some results in the recent papers by Jia and Wang, and by Mazzucato, respectively. The main tool we implement in the study is the decomposition of the given function spaces in terms of atoms (smooth atoms for Besov-Morrey space) concentrated on dyadic cubes. The atomic decomposition of the classical Hardy space and Besov space is our study model, however, our case is a quite different one. Particularly, we will combine the Calderón reproducing formula with the atomic decomposition when we establish the boundedness of the Hausdorff operator on the Besov-Morrey space.
Introduction
The one dimensional Hausdorff operator, for a fixed locally integrable function on (, ∞), is defined by
This operator has a long history in the study of mathematical analysis aiming to solve classical problems (see [-] ). The multidimensional Hausdorff operator on the Euclidean space R n , which was studied to be the operator -norm of the operator in an n dimensional linear space defined by the matrix A in the corresponding canonical basis (see [] ).
The boundedness of h (f ) as well as its high dimensional extensions in various function spaces, mainly on Lebesgue and Hardy spaces, has been studied by many authors, for example, [-] and [] are among many others. The aim of this paper is to establish some boundedness conditions for the multidimensional Hausdorff operator on the homogeneous Hardy-Morrey space and the Besov-Morrey space, since these spaces are 'upgrade version' of the Lebesgue space and the Hardy space and they play significant roles in the theory of harmonic analysis and partial differential equations (see [-] and [] Any function in the Besov-Morrey space has a decomposition in terms of atoms supported on dyadic cubes. These atoms have the same smoothness and cancelation properties as those of the classical Besov spaces [] . Thus, in our study, we will invoke the atomic decomposition characterization for both Hardy-Morrey space and Besov-Morrey space. Besides the atomic decomposition, the Calderón reproducing formula is another useful tool when we treat the boundedness of H ,A (f ) on the Besov-Morrey space.
The following definitions and previously obtained results (Theorem A and Theorem B) about the function spaces we consider are crucial in our study.
where B(x  , R) is the closed ball of R n with center x  and radius R.
We note that the Morrey space describes local regularity more precisely than L p and can be seen as a complement to L p -spaces. In fact one easily checks 
where φ s (x) = s -n φ(s - x), s >  for φ ∈ S(R n ) with φ dx = , and P is the set of all polynomials in n variables. From the above definition, we note that: Definition . Let j ∈ Z and k ∈ Z n . The set
is called a dyadic cube, with sides parallel to the coordinate axes. For fixed j, the collection {Q jk : k ∈ Z n } tiles the whole space and the cubes are pairwise disjoint. Each cube Q = Q jk is uniquely identified by its length (Q) =  -j and a preferred corner x Q =  -j k.
We remark that, for a dyadic cube J and q = , (.) can also be written as
This equivalent norm of M p  will play a pivotal role in our study.
, L ∈ N ∪ {}, if the following support, boundedness, and cancelation conditions are satisfied:
is the Gauss function, Q is a cube concentric with Q of side length  (Q) and |Q| stands for the volume of Q.
The next theorem is directly adapted from [] when q = , and is important in the proof for one of the main theorems (Theorem .). In Theorem A and in the sequel, we make use of (.) to get the norm of the sequence of complex numbers s = {s Q : Q dyadic}. 
The sum
The other important function space in harmonic analysis is the Besov-Morrey space, which has many applications in the study of nonlinear partial differential equations, for example see in [-], and [] .
Again, our interest here is to study the boundedness of n dimensional Hausdorff operators on the homogeneous Besov-Morrey space. To this end, as we mentioned before, we need to use the smooth atomic decomposition of N 
is a homogeneous smooth dyadic resolution of unity in R n , namely j∈Z ϕ j (x) =  for all Definition . Let s ∈ R,  ≤ q ≤ p < ∞, and  ≤ r ≤ ∞. We say that f ∈ S /P belongs to the space N
One can see that in 
is the collection of all sequences s = {s Q : Q dyadic} such that In this paper, we use the notation A B to mean that there is a positive constant C (may vary at each appearance) independent of all essential variables such that A ≤ CB. We also use the notation A B to mean that there are positive constants C  and c  independent of all essential variables such that c  B ≤ A ≤ C  B.
Main results
Now we are in a position to state our main results. The proof will be given in Section .
Theorem . For any  ≤ p < ∞, the Hausdorff operator (.) is bounded on the HardyMorrey space HM
For n =  we state the following boundedness result as a corollary to the above theorem. 
where
Proofs of main results
Proof of Theorem . We prove this theorem using the atomic characterization of the Hardy-Morrey space. 
Hence, we have
In the above formula, we note
Therefore, to complete the proof of the theorem, it remains to show that
uniformly for all atoms a Q and y ∈ R n . To this end, it suffices to show that a Q y (x) is a (p, ) L -atom. By Definition . we have supp a Q ⊂ Q, where
Without loss of generality, assume that a Q (A(y)x) = , so that there exists u ∈ Q such that u = A(y)x ∈ Q. Thus
It yields Since a Q y (x) = a Q (A(y)x) up to a constant independent of y, we have
and from the side length relations of Q A - and Q, we easily obtain
Obviously, a Q y satisfies the cancelation condition (.)(iii). Finally, we show the size condition of a Q y as follows:
Thus, we conclude that a Q y is a (p, ) L -atom and hence prove the theorem.
The proof of Corollary . coincides with the proof of the main theorem when n = . Next, we continue by investigating the boundedness of H ,A on the Besov-Morrey space.
Proof of Theorem . We prove this theorem by combining the Calderón's reproducing formula with some construction on a dyadic cube Q jk and the smooth atomic decomposition of the Besov-Morrey space. First, we make a construction on a Q and s Q with respect to the dyadic cube Q based on the corresponding Besov spaces as in [] and [] .
Let {ψ j , j ∈ Z} ⊂ S(R n ) be a smooth dyadic resolution of unity as described in Section , and pick a smooth, radial function θ ∈ S(R n ) satisfying:
such that the Calderón reproducing formula
. Then, for f ∈ S /P, we can write
By the definition of the cube Q jk , we further write
For Q = Q jk , define
Now, using Definition . with the assumption that Q is contained in J, and the proof used in [], we can show that the sequence of complex numbers s = {s Q } of (.) satisfies
for some constant C independent of f . a Q in (.) satisfies the smoothness condition (ii) of (.), and depending on the requirements of θ it also satisfies condition (i) and (iii) of (.). Therefore a Q is an (s, p) K,L -atom.
Next, we take any function f ∈ N s pqr (R n ) with the above atomic decomposition,
Thus, using Definition . and the Minkowski integral inequality in the following computations, we have
Furthermore, by the definition, we obtain
, where
In the same way as in the proof of Theorem ., for any atom a Q and fixed y ∈ R n , we need to show that the function a Q y is an (s, p) K,L -atom satisfying Definition .. Together with the cancelation condition of θ , it is straightforward to verify that a Q y given in (.) satisfies the cancelation condition for every y ∈ R n . Based on the construction of a Q over Q in (.) and the requirement of the support condition of θ , we see that a Q is supported in Q. Since a Q y (x) in (.) is a constant multiple of a Q (A(y)x), then without loss of generality, we may use a similar discussion made in the proof of Theorem . for the support condition. Thus we conclude that
where a Q y is the one in (.) and Q A - is the smallest circumscribed cube as discussed in Theorem .. Finally by using (.) and the definition of θ j , we see the smoothness condition as follows: Thus, a Q y (x) is an (s, p) K,L -atom. Therefore, we complete the proof of the theorem.
